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In the literature, it has been demonstrated that residual surface stress and surface elasticity are two
equally important parts of surface stress theory and that, generally, neither of these aspects can be
neglected. In this paper, we develop a non-classical formulation of the Boussinesq problem with the sur-
face effect, in which both the residual surface stress and the surface elasticity are considered. To take into
account the surface effect, a Lagrangian description of the governing equations of the surface is adopted.
The theoretical and numerical results in this paper show that the contributions of the residual surface
stress and the surface elasticity to the stresses and displacements at the surface are not always equal.
The residual surface stress mostly inﬂuences the normal stress, whereas the surface elasticity is a dom-
inant factor in the in-plane shear stress. As an application of this formulation, the three-dimensional
Hertzian contact problem at the nanoscale is studied. It is concluded that the surface effect strengthens
the elastic contact stiffness. The smaller the contact region, the larger the contact stiffness. Finally, in
terms of the dimensionless surface parameters, the inﬂuences of the residual surface stress and the sur-
face elasticity on the stresses and displacements are further studied, and a simple scaling law for the
stresses and displacements at the surface is constructed for the ﬁrst time.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
The Boussinesq problem has been a classical theme in the the-
ory of elasticity and plays an important role in contact mechanics
(Johnson, 1985). In recent years, microindentation and nanoinden-
tation tests have become effective techniques for measuring the
mechanical properties of materials (e.g., the elastic modulus and
yield stresses of solids), including electromechanical intelligent
materials and biomaterials with complex microstructures. For
microindentation, the indentation depth ranges from hundreds of
nanometers to 100 lm and experimental results (Feng and Nix,
2004; Ma and Clarke, 1995) show that a size effect arises with
the indentation depth for the mechanical properties of materials.
On the micron scale, the strain gradient continuum theory (Begley
and Hutchinson, 1998; Huang et al., 2006; Nix and Gao, 1998) and
the generalized continuum theory (Eringen, 1999) can be used to
explain this size dependent phenomenon. However, when the
indentation depth is in the nanometer range, the surface effect be-
comes prominent. Gerberich et al. (2002) noted that the surface to
volume ratio should be an indispensable factor in nanoindentation,ll rights reserved.
ang), huangzp@pku.edu.cnin which the indented materials are treated as elastic–plastic
solids.
To explain the surface effect on the mechanical properties of
materials, Gurtin and Murdoch (1975, 1978) systematically devel-
oped a surface stress theory. In their theory, a continuum descrip-
tion of the material surface was given, including the constitutive
relations of the surface, which were based on Cauchy elasticity,
and the conservation laws of the surface. With the rapid progress
in nanoscience and nanotechnology, the Gurtin–Murdoch theory
has been widely used and generalized to analyze the elastic prop-
erties of nanomaterials and nanostructures, such as nanowires
(Chen et al., 2006; Jing et al., 2006; Park and Klein, 2008), nano-
ﬁlms (Cammarata, 1994; Streitz et al., 1994a,b), composites with
nano-inhomogeneities (Duan et al., 2005a; Sharma et al., 2003;
Sharma and Wheeler, 2007) and nanoplates/shells (Altenbach
and Eremeyev, 2011; Altenbach et al., 2012). Chen et al. (2006)
and Jing et al. (2006) measured the effective ﬂexural moduli of
ZnO and silver nanowires, respectively, both of which were size
dependent. The theoretical interpretations that are based on the
surface effect are in good agreement with the experimental data.
Park and Klein (2008) studied the surface stress effects on the res-
onant properties of metal nanowires, in which the importance of
the residual surface stress was emphasized. Sharma and Ganti
(2004) and Duan et al. (2005b) studied the eigenstrain problem
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concluded that the Eshelby tensor is size dependent and position
dependent in this case. Dingreville et al. (2005) suggested a frame-
work to incorporate the surface free energy and derived the effec-
tive elastic modulus tensors of nanosized structural elements that
took into account the surface effect. Duan et al. (2005a) studied the
effective elastic constants of solids that contained spherical nano-
inhomogeneities by considering the interface stress effect. Alten-
bach and Eremeyev (2011) derived the governing equation for non-
linear shells at the nanoscale by taking into account the surface
stresses, and Altenbach et al. (2012) then studied the surface visco-
elasticity effects on the effective properties of thin-walled nano-
structures. Dingreville and Qu (2008) derived a new relation
between the interfacial excess energy and the interfacial excess
stress, which can account for both the in-plane and transverse
deformations of the real material interface.
In recent years, several new directions have been explored in
the surface effect. For example, the conventional surface stress the-
ory is generalized to consider the surface roughness (Weissmuller
and Duan, 2008; Wang et al., 2010; Mohammadi and Sharma,
2012; Mohammadi et al., 2013), the curvature dependence of the
surface energy is considered to investigate its inﬂuences on nano-
structures (Chhapadia et al., 2011) and surface effects have been
found to alter the electromechanical coupling or piezoelectricity
of nanostructures (Dai et al., 2011; Dai and Park, 2013). It is should
be noted that new computational methods, which are based on
atomistic simulation, molecular dynamics and ﬁrst principle, are
also developed to model the surface effects in most of the above-
mentioned works.
In the study of elastic contact problems with the surface effect,
there are two types of models in the existing literature. The ﬁrst
type only considers the residual surface stress; the surface elastic-
ity is neglected. For instance, Wang and Feng (2007) studied the ef-
fect of the residual surface stress on the elastic half-space problem
at the nanoscale. Long et al. (2012) studied the two-dimensional
Hertzian contact problem by considering the effect of the residual
surface stress. On the contrary, the second type only considers the
surface elasticity, and the effect of the residual surface stress is ne-
glected. Zhao and Rajapakse (2009) obtained analytical solutions
for a surface-loaded isotropic elastic layer with surface effects that
were based on the Gurtin–Murdoch theory. In their solutions, the
residual surface stress does not affect the elastic ﬁeld in the bulk
material. Note that surface Green functions with the surface effect
are basic functions in contact problems. He and Lim (2006) derived
the surface Green functions for a soft elastic half-space with sur-
face stress under the assumptions that the soft half-space is
impressible and the surface has the same elastic properties as its
interior. In their work, only the residual surface stress is consid-
ered. Koguchi (2008) formulated three-dimensional surface Green
functions for an anisotropic half-domain using the Stroh formalism
and considering the anisotropy of the material surface. However,
his results have a rather complicated integral form. Chen and
Zhang (2010) presented the analytical Green’s function solutions
for an isotropic elastic half-space that was subjected to anti-plane
shear deformation. Actually, it can be shown that both the residual
surface stress and the surface elasticity are important for the study
of the surface effect and that, in general, neither of these effects can
be neglected. Nevertheless, in most of the above-mentioned works,
only one of these effects was considered. Therefore, nobody can an-
swer the question of whether the contributions of the residual sur-
face stress and of the surface elasticity to the stresses and
displacements at the surface are equal or not.
In this paper, we focus on developing a non-classical formula-
tion of the Boussinesq problem by considering both the residual
surface stress and the surface elasticity. A Lagrangian description
of the governing equations of the surface is adopted, and analyticalsolutions of the two-dimensional and three-dimensional Bous-
sinesq problems with the surface effect are derived. These solu-
tions can be used to clarify the inﬂuences of the residual surface
stress and the surface elasticity on the elastic ﬁeld in the bulk,
and it is shown that their inﬂuences are not always equal. For some
components of the stress/displacement, the inﬂuence of the resid-
ual surface stress is dominant, and, for other components of the
stress/displacement, the inﬂuence of the surface elasticity can be
pronounced. As an application of our developed theory, the
three-dimensional Hertzian contact problem at the nanoscale is
investigated, and its analytical solutions are obtained. For the ﬁrst
time, we suggest a simple scaling law for analyzing the contribu-
tions of the residual surface stress and the surface elasticity to
the stresses and displacements at the surface. It should be men-
tioned that, for simplicity, the adhesion work (Johnson et al.,
1971) and the adhesion force (Derjaguin et al., 1975) are not con-
sidered in the contact problem.
The present paper is organized as follows. A brief introduction
to the fundamental equations of the surface that were developed
by us is given in Section 2. The solutions of the Boussinesq problem
with residual surface stress and surface elasticity are formulated in
Section 3. For different types of distributed surface tractions, ana-
lytical solutions and their numerical results for half-plane prob-
lems are then presented in Section 4. As an example, a three-
dimensional Hertzian contact problem at the nanoscale is investi-
gated in Section 5. In Section 6, a simple scaling law for the stresses
and displacements at the surface is suggested.
2. The fundamental equations of the surface
Atoms at the surface experience a different local environment
than atoms in the bulk of materials, and the energy states and
equilibrium positions of these atoms will generally differ from
those of atoms in the interior. This difference is the physical origin
of surface excess free energy and surface stress. For liquids, due to
the atomic mobility, the number of surface atoms increases during
stretching because the interior atoms in the liquid can freely ﬂow
to the surface, and, therefore, the surface stress is constant under
stretching. While the atomic mobility is really low in solids, the to-
tal amount of surface atoms remains constant under elastic
stretching, and, thus, the surface stress of solids usually exhibits
elastic properties.
In the surface stress theory of solids, the material surface is
approximately regarded as a two-dimensional curved elastic sur-
face that has no thickness. Even without an external load, there ex-
ists a nonzero residual surface stress, which will induce a residual
elastic ﬁeld in the bulk. Choosing the initial conﬁguration (unde-
formed conﬁguration) as the reference conﬁguration, we adopt a
Lagrangian description of the surface constitutive relations, in
which the ﬁrst Piola–Kirchhoff surface stress is used:
SðinÞs ¼ c0i0 þ ðc0 þ c1ÞtrðEsÞi0  c0ðr0suÞ þ c1Es ð1Þ
SðouÞs ¼ c0ðukBka þ un;aÞA3  Aa ð2Þ
where Eqs. (1) and (2) are the ‘‘in-plane’’ and ‘‘out-plane’’ terms of
the ﬁrst Piola–Kirchhoff surface stress, respectively. i0 is the two-
dimensional unit surface tensor in the reference conﬁguration.
B ¼ BkaAk  Aa is the surface curvature tensor in the reference con-
ﬁguration. c0; c1; c1 are constants that reﬂect the intrinsic properties
of the material surface, in which c0 reﬂects the residual surface
stress and c1; c1 reﬂect the elastic properties of the surface. The sur-
face displacement u is decomposed into us ¼ uaAa in the tangent
plane of the surface and into un ¼ unA3 along the normal of the sur-
face in the reference conﬁguration. In the inﬁnitesimal deformation
analysis, the surface strain Es is deﬁned as follows:
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where r0s denotes the surface gradient operator in the reference
conﬁguration. It should be noted that, when there is no surface
deformation, i.e., u = 0, we have
SðinÞs ¼ c0i0; SðouÞs ¼ 0 ð4Þ
which is just the well-known residual surface stress.
To solve the problems with the surface effect, another equation
is needed to describe the equilibrium of the material surface,
which is usually called the generalized Young–Laplace equation.
From the stationary condition of a newly suggested energy func-
tional, we derived a Lagrangian description of the Young–Laplace
equation as follows:
A3  sS0t  A3 ¼ SðinÞbis : B A3  SðouÞs
 
 r0s ð5Þ
P  sS0t  A3 ¼ SðinÞs  r0s þ B  A3  SðouÞs
 
ð6Þ
where S0 is the ﬁrst Piola–Kirchhoff stress in the bulk and sS0t de-
notes the jump of the ﬁrst Piola–Kirchhoff stress across the surface/
interface. P ¼ I  A3  A3 is the tangential projection operator, and I
is the unit tensor in three-dimensional Euclidean space. For an ini-
tially planar surface, the curvature tensor B is zero. Here, we only
consider inﬁnitesimal deformations and give some basic equations
of the surface/interface energy theory. For details, the reader may
refer to the Refs. Huang and Wang (2006) and Huang and Sun
(2007).
When the residual deformation that is induced by the surface/
interface energy is small and the high-order small quantities in
the expression of the strain ~e relative to the stress-free conﬁgura-
tion can be neglected, the strain and ﬁrst Piola–Kirchhoff stress S0
in the bulk relative to the stress-free conﬁguration can be approx-
imately written as
~e ¼ e þ e
S0 ¼ r þ r ¼ r þ L : e ð7Þ
where r⁄ denotes the self-equilibrium residual stress in the bulk
and e⁄ is the corresponding residual strain. r and e denote the stress
and strain in the bulk that are due to the an external load. L is the
elastic stiffness tensor.
In the classical theory of elasticity, the equilibrium equation in
the absence of a body force and Hooke’s law for an isotropic elastic
body are given as follows:
r  r ¼ 0
r ¼ kðtreÞI þ 2le ð8Þ
where k ¼ 2lm=ð1 2mÞ. l and m are the shear modulus and the
Poisson ratio, respectively. These equations, with the boundary con-
ditions, constitute the complete equations that are needed to solve
the problem with the surface effect. Many problems in classical
elasticity and mesomechanics can be easily generalized to the nano-
scale by considering the interface/surface effect, and it was shown
that the obtained results are in good agreement with experimental
data (Chen et al., 2006; Jing et al., 2006).
3. The formulation and solutions of the Boussinesq problem
with the surface effect
Generally, the Boussinesq problem refers to when a concen-
trated force acts on the surface of an elastic half-space. Many con-
tact problems are closely related to the Boussinesq problem. We
now consider this problemwith the surface effect using the surface
stress theory. In this section, we mainly address two types of half-space problems: the plane case and the axisymmetric case. First,
we list the general solutions of the half-space problem using the
integral transformation method. Then, we discuss non-classical
boundary conditions with the surface effect and ﬁnally derive ana-
lytical solutions of this type of boundary value problem.3.1. General solutions of the Boussinesq problem
The general solutions of the stresses and displacements for the
two-dimensional plane problem can be solved using Fourier inte-
gral transformations with respect to Cartesian coordinates
(Fig. 1) (Selvadurai, 2000):
rz ¼  1ﬃﬃﬃﬃﬃﬃ
2p
p
Z þ1
1
n2/eixndn
rxz ¼ iﬃﬃﬃﬃﬃﬃ
2p
p
Z þ1
1
n
d/
dz
eixndn
rx ¼ 1ﬃﬃﬃﬃﬃﬃ
2p
p
Z þ1
1
d2/
dz2
eixndn
ð9Þuz ¼ 1
2l
ﬃﬃﬃﬃﬃﬃ
2p
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dz3
 ð2 mÞn2 d/
dz
" #
eixn
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dn
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2l
ﬃﬃﬃﬃﬃﬃ
2p
p
Z þ1
1
ð1 mÞd
2/
dz2
þ mn2/
" #
eixn
n
dn
ð10Þ
where /ðn; zÞ is the Fourier transformation of the stress function
and has the following form
/ðn; zÞ ¼ ðAþ BzÞezjnj ð11Þ
A and B are generally functions of the variable n and will be deter-
mined from the boundary conditions.
For the axisymmetric problem (Fig. 1), the stresses and dis-
placements can be derived using Hankel transformations and can
be expressed in terms of cylindrical coordinates ðr; h; zÞ (Selvadurai,
2000):
rzðr; zÞ ¼
Z 1
0
n ð1 mÞd
3U
dz3
 ð2 mÞn2 dU
dz
" #
J0ðnrÞdn
rrzðr; zÞ ¼
Z 1
0
n2 m
d2U
dz2
þ n2ð1 mÞU
" #
J1ðnrÞdn
rr ¼
Z 1
0
n m
d3U
dz3
þ ð1 mÞn2 dU
dz
" #
J0ðnrÞdn
Z 1
0
n2
1
r
dU
dz
J1ðnrÞdn
rh ¼
Z 1
0
nm
d3U
dz3
 n2 dU
dz
 !
J0ðnrÞdnþ
Z 1
0
n2
1
r
dU
dz
J1ðnrÞdn
ð12Þurðr; zÞ ¼ 12l
Z 1
0
n2
dU
dz
J1ðnrÞdn
uzðr; zÞ ¼ 12l
Z 1
0
n ð1 2mÞd
2U
dz2
 2ð1 mÞn2U
" #
J0ðnrÞdn
ð13Þ
where JnðnrÞ denotes the nth Bessel function of the ﬁrst kind and
Uðn; zÞ ¼ ðA0 þ B0zÞenz ð14Þ
is the Hankel transformation of Love’s strain function, in which A0
and B0 will be determined from the boundary conditions. The
zero-order Hankel transformation is simply a two-dimensional Fou-
rier transformation of a circularly symmetric function.
Fig. 1. A model of the Boussinesq problem.
X. Gao et al. / International Journal of Solids and Structures 50 (2013) 2620–2630 26233.2. Non-classical boundary conditions
This part is the core of the Boussinesq problemwith the surface ef-
fect, in which the boundary conditions are different from those in the
classical theory of elasticity. By applying the surface stress theory, we
canwrite the non-classical boundary conditions Eqs. (5) and (6) as fol-
lows. For the plane problem, the surface boundary conditions are
rzjz¼0 þ pðxÞ ¼ c0
@2uz
@x2
;
rxzjz¼0 þ qðxÞ ¼ ðc1 þ c1Þ
@2ux
@x2
ð15Þ
where ux and uz are the displacements along the x and z axes,
respectively. p and q denote the distributed normal and tangential
tractions, respectively.
For the axisymmetric problem, the boundary conditions are
rzjz¼0 þ pðrÞ ¼ c0
@2uz
@r2
þ 1
r
@uz
@r
 !
;
rrzjz¼0 þ qðrÞ ¼ ðc1 þ c1Þ
@2ur
@r2
þ 1
r
@ur
@r
 ur
r2
 ! ð16Þ
where ur and uz are the radial and normal displacements, respec-
tively. p and q denote the axisymmetric distributed normal and tan-
gential tractions, respectively.
Because of the surface effect, the components of the stress
across the surface do not equal the tractions that are applied by
external loads. These non-classical mechanical boundary condi-
tions reﬂect the inﬂuences of the surface energy, i.e., the residual
surface stress c0 leads to a normal discontinuity of the traction
and the surface elasticity c1 þ c1 leads to a tangential discontinuity
of the traction.
3.3. Analytical solutions of boundary-value problems
3.3.1. Plane problem
For the plane problem, we substitute the general solutions
(9)–(11) into the boundary conditions (15) to obtain two equations
with A and B, An2 þ pðnÞ ¼ c

0
2l
½Ajnj þ ð1 2mÞBn2
iðB AjnjÞnþ qðnÞ ¼ ðc

1 þ c1Þi
2l
½An2  2ð1 mÞBjnjn
ð17Þ
where pðnÞ and qðnÞ are the Fourier transformations of the surface
tractions,
pðnÞ ¼ 1ﬃﬃﬃﬃﬃﬃ
2p
p
Z þ1
1
pðxÞeixndx; qðnÞ ¼ 1ﬃﬃﬃﬃﬃﬃ
2p
p
Z þ1
1
qðxÞeixndx ð18Þ
From Eqs. (17), we can solve A and B as follows:
A ¼ 4þ 4ðm 1Þkjnj
gðnÞ pðnÞ þ
2ð2m 1Þln
gðnÞ
qðnÞ
i
B ¼ 2ðkn
2 þ 2jnjÞ
gðnÞ pðnÞ þ
2nðljnj þ 2Þ
gðnÞ
qðnÞ
i
ð19Þ
where gðnÞ ¼ n2½4þ 4ðm 1Þðkþ lÞjnj þ ð4m 3Þkln2. It is worth
noting that l and k are two intrinsic length scales that are related
to the surface properties and are deﬁned as
l ¼ c

0
l
; k ¼ c

1 þ c1
l
ð20Þ
where l represents the residual surface stress and k represents the
elastic properties of the material surface. Once A and B are deter-
mined, we can immediately write the solutions of the plane prob-
lem under normal pressure,
rx ¼ 
ﬃﬃﬃ
2
p
r Z þ1
0
pðnÞ 4ðkmnþ 1Þ þ 2ðkn
2 þ 2nÞz
4þ 4ðm 1Þðkþ lÞnþ ð4m 3Þkln2 cosðxnÞe
zndn
rz ¼ 
ﬃﬃﬃ
2
p
r Z þ1
0
pðnÞ 4½ðm 1Þkn 1  2ðkn
2 þ 2nÞz
4þ 4ðm 1Þðkþ lÞnþ ð4m 3Þkln2 cosðxnÞe
zndn
rxz ¼ 
ﬃﬃﬃ
2
p
r Z þ1
0
pðnÞ ð4m 2Þkn 2ðkn
2 þ 2nÞz
4þ 4ðm 1Þðkþ lÞnþ ð4m 3Þkln2 sinðxnÞe
zndn
ð21Þ
ux ¼ 1
l
ﬃﬃﬃﬃﬃﬃ
2p
p
Z þ1
0
pðnÞ 4ð1 2mÞ  2ðkn
2 þ 2nÞz
n½4þ 4ðm 1Þðkþ lÞnþ ð4m 3Þkln2 sinðxnÞe
zndnþ C1
uz ¼ 1
l
ﬃﬃﬃﬃﬃﬃ
2p
p
Z þ1
0
pðnÞ 8ðm 1Þ þ 2ð4m 3Þkn 2ðkn
2 þ 2nÞz
n½4þ 4ðm 1Þðkþ lÞnþ ð4m 3Þkln2 cosðxnÞe
zndnþ C2
ð22Þ
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unit length along the y-axis and acts on the surface at the origin,
the Fourier transformation is P=
ﬃﬃﬃﬃﬃﬃ
2p
p
. By substituting this result
into Eqs. (21) and (22), we can obtain the fundamental solutions
of the two-dimensional Boussinesq problem.
If we set l = k = 0, these solutionswill reduce to the classical solu-
tions of the Boussinesq problem. For example, the results that were
obtainedbyWangand Feng (2007) are special cases ifweneglect the
surface elasticity and only set k = 0. The two integral constants C1
and C2 are ﬁxed by datum that is chosen for the displacements. If
we choose the tangential displacement to be zero at the origin and
the normal displacement to vanish at x = r0a, we have C1 = 0 and
uz ¼ 1
l
ﬃﬃﬃﬃﬃﬃ
2p
p
Z þ1
0
pðnÞ 8ðm 1Þ þ 2ð4m 3Þkrt
t½4þ 4ðm 1Þðkr þ lrÞt þ ð4m 3Þkrlrt2
 cos x
a
t
 
 cosðr0tÞ
h i
dt ð23Þ
where lr ¼ l=a and kr ¼ k=a are two dimensionless parameters that
reﬂect the surface effect.
When a concentrated tangential force acts on the half-plane, the
stresses and displacements can be derived in a similar way that
will not be reproduced here.
3.3.2. Axisymmetric problem
For the axisymmetric problem, the fundamental solutions of the
Boussinesq problem can be derived in the same way. The substitu-
tion of the general solutions (12)–(14) into the boundary condi-
tions (16) results in
A0n3 1þ 1
2
ln
 
þ B0n2ð1 2mÞð1þ lnÞ ¼ pðnÞ
A0n3 1þ 1
2
kn
 
 B0n2 2mþ 1
2
kn
 
¼ qðnÞ
ð24Þ
where pðnÞ and qðnÞ are the Hankel transformations of the axisym-
metric surface tractions,
pðnÞ ¼
Z 1
0
rpðrÞJ0ðnrÞdr; qðnÞ ¼
Z 1
0
rqðrÞJ1ðnrÞdr ð25Þ
We can then solve for A0 and B0, which can be expressed as
A0 ¼ 2ðknþ 4mÞ
n3gðnÞ pþ
4ð1 2mÞðlnþ 1Þ
n3gðnÞ q;
B0 ¼ 2ðknþ 2Þ
n2gðnÞ pþ
ð2Þðlnþ 2Þ
n2gðnÞ q
ð26Þ
where gðnÞ ¼ 4þ 4ðm 1Þðkþ lÞnþ ð4m 3Þkln2. The stresses and
displacements under normal pressure are as follows:
rz ¼
Z 1
0
p
g
n½4ð1 mÞknþ 4þ 2ðknþ 2ÞnzeznJ0ðnrÞdn
rrz ¼
Z 1
0
p
g
n½2ð1 2mÞknþ 2ðknþ 2ÞnzeznJ1ðnrÞdn
rr ¼
Z 1
0
p
g
n½4ðkmnþ 1Þ  2ðknþ 2ÞnzeznJ0ðnrÞdnþ
1
r
Z 1
0
p
g
½4ð2m 1Þ
þ 2ðknþ 2ÞnzeznJ1ðnrÞdn
rh ¼
Z 1
0
p
g
mn2ð2knþ 4ÞeznJ0ðnrÞdn
1
r
Z 1
0
p
g
½4ð2m 1Þ
þ 2ðknþ 2ÞnzeznJ1ðnrÞdn
ð27Þ
ur ¼ 12l
Z 1
0
p
g
½4ð1 2mÞ  2ðknþ 2ÞnzeznJ1ðnrÞdn
uz ¼ 12l
Z 1
0
p
g
½2ð4m 3Þknþ 8ðm 1Þ  2ðknþ 2ÞnzeznJ0ðnrÞdn
ð28ÞFor P, the concentrated normal force that acts at the origin, the
Hankel transformation is P=ð2pÞ. By substituting this result into
Eqs. (27) and (28), we can obtain the fundamental solutions of
the three-dimensional Boussinesq problem. If we again set
l = k = 0, these solutions will also reduce to the classical ones.
4. The elastic ﬁeld in the half-plane and a numerical analysis
In this section, we use the plane problem as an example to
investigate the surface effect on the stresses and displacements
at the surface.
4.1. Analytical solutions of the distributed surface tractions
The solutions of the Boussinesq problem with the surface ef-
fect can be regarded as fundamental solutions to calculate the
stresses and displacements of an elastic half-space that is sub-
jected to distributed tractions with any form using the integral
transformation method. In the two-dimensional plane problem,
we consider the distributed normal pressure with the form (John-
son, 1985)
p ¼ p0ð1 x2=a2Þn ð29Þ
acting on the strip a  x  a. In the following, we consider some
particular values of n in detail.
4.1.1. Uniform pressure (n = 0)
When n = 0, p ¼ p0 denotes a uniform pressure. The stresses and
displacements at the surface (z = 0) can be written as
rz ¼ 2p0p
Z þ1
0
4½krtðm 1Þ  1
4þ 4ðm 1Þðkr þ lrÞt þ ð4m 3Þkrlrt2
sin t
t
cos
x
a
t
 
dt
rx ¼  2p0p
Z þ1
0
4ðkrmt þ 1Þ
4þ 4ðm 1Þðkr þ lrÞt þ ð4m 3Þkrlrt2
sin t
t
cos
x
a
t
 
dt
rxz ¼ 2p0p
Z þ1
0
ð4m 2Þkrt
4þ 4ðm 1Þðkr þ lrÞt þ ð4m 3Þkrlrt2
sin t
t
sin
x
a
t
 
dt
ð30Þ
ux ¼ p0alp
Z þ1
0
4ð1 2mÞ
4þ 4ðm 1Þðkr þ lrÞt þ ð4m 3Þkrlrt2
sin t
t2
sin
x
a
t
 
dt
uz ¼ p0alp
Z þ1
0
2½4ðm 1Þ þ ð4m 3Þkrt
4þ 4ðm 1Þðkr þ lrÞt þ ð4m 3Þkrlrt2
sin t
t2
cos
x
a
t
 
 cosðr0tÞ
h i
dt
ð31Þ
4.1.2. Hertz pressure (n = 1/2)
This value is the famous Hertz pressure, which is given by the
Hertz theory and exerted between two frictionless elastic solids
of revolution in the contact region; this pressure is expressed as
p ¼ p0
a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p
ð32Þ
The stresses and displacements at the surface can be written
as
rz ¼ p0
Z þ1
0
4½ðm 1Þkrt  1
4þ 4ðm 1Þðkr þ lrÞt þ ð4m 3Þkrlrt2
J1ðtÞ
t
cos
x
a
t
 
dt
rx ¼ p0
Z þ1
0
4ðkrmt þ 1Þ
4þ 4ðm 1Þðkr þ lrÞt þ ð4m 3Þkrlrt2
J1ðtÞ
t
cos
x
a
t
 
dt
rxz ¼ p0
Z þ1
0
ð4m 2Þkrt
4þ 4ðm 1Þðkr þ lrÞt þ ð4m 3Þkrlrt2
J1ðtÞ
t
sin
x
a
t
 
dt
ð33Þ
ux ¼ p0a2l
Z þ1
0
4ð1 2mÞ
4þ 4ðm 1Þðkr þ lrÞt þ ð4m 3Þkrlrt2
J1ðtÞ
t2
sin
x
a
t
 
dt
uz ¼ p0a2l
Z þ1
0
8ðm 1Þ þ 2ð4m 3Þkrt
4þ 4ðm 1Þðkr þ lrÞt þ ð4m 3Þkrlrt2
J1ðtÞ
t2
cos
x
a
t
 
 cosðr0tÞ
h i
dt
ð34Þ4.1.3. Uniform normal displacement (n = 1/2)
We shall show that a pressure distribution with the form
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a2  x2
p ð35Þ
gives rise to a uniform normal displacement in the loaded strip for
the classical case (lr = kr = 0). However, the surface effect will break
this classical result, thus implying that uz is not uniform in the load-
ing zone. The stresses and displacements at the surface are
rz ¼ p0
Z þ1
0
4½ðm 1Þkrt  1
4þ 4ðm 1Þðkr þ lrÞt þ ð4m 3Þkrlrt2
J0ðtÞ cos
x
a
t
 
dt
rx ¼ p0
Z þ1
0
4ðkrmt þ 1Þ
4þ 4ðm 1Þðkr þ lrÞt þ ð4m 3Þkrlrt2
J0ðtÞ cos
x
a
t
 
dt
rxz ¼ p0
Z þ1
0
ð4m 2Þkrt
4þ 4ðm 1Þðkr þ lrÞt þ ð4m 3Þkrlrt2
J0ðtÞ sin
x
a
t
 
dt
ð36Þ
ux ¼ p0a2l
Z þ1
0
4ð1 2mÞ
4þ 4ðm 1Þðkr þ lrÞt þ ð4m 3Þkrlr t2
J0ðtÞ
t
sin
x
a
t
 
dt
uz ¼ p0a2l
Z þ1
0
8ðm 1Þ þ 2ð4m 3Þkrt
4þ 4ðm 1Þðkr þ lrÞt þ ð4m 3Þkrlr t2
J0ðtÞ
t
cos
x
a
t
 
 cosðr0tÞ
h i
dt
ð37Þ4.2. Numerical results and discussions
To investigate the surface effect on the elastic ﬁeld, we mainly
consider the two-dimensional plane problem in the subsequent
numerical calculations. The numerical results are presented for
metal aluminum (Al), which has a Poisson ratio of m = 0.31 and a
shear modulus of l = 26.56 GPa. According to Medasani and Vasi-
liev (2009), the residual surface stress of metal Al is approximately
c0 ¼ 2:07N=m. The surface elastic parameters are taken fromMiller
and Shenoy (2000) and from Sharma et al. (2003), i.e.,
c1 ¼ 4:771 N=m and c1 ¼ 1:319 N=m for the Al surface. The two
intrinsic length scales of the surface effect are thus l = 0.078 nmFig. 2. The distributions of the noand k = 0.2293 nm. By substituting these material constants into
the above analytical expressions, we can obtain the numerical re-
sults that are shown in the following ﬁgures. It should be noted
that we plotted these ﬁgures by setting a = 1 nm and r0 = 5.
As shown in Fig. 2, the distribution of the normal stress rz that
is predicted by the classical theory experiences a singularity at the
loading boundary and does not change smoothly; thus, this result
appears unreasonable. The results that take into account the sur-
face effect give a smooth distribution of the stress rz and overcome
the singularity at the loading boundary x = a. The actual normal
stress rz is smaller than the classical value in the loading zone
and is larger outside of the zone. If the residual surface stress is ig-
nored (lr = 0), the values of rz reduce to the classical values; how-
ever, omitting the surface elasticity (kr = 0) does not cause a
signiﬁcant change in rz, indicating that the residual surface stress
is the dominant factor affecting the normal stress rz.
For the distributions of the stress rx at the surface, which are
shown in Fig. 3, this stress has some similar properties to that in
Fig. 2. The obvious difference is that the residual surface stress
and the surface elasticity are equally important to rx so neglecting
either of these effects would induce inaccurate results. The distri-
butions of the shear stress rxz at the surface are presented in
Fig. 4. As predicted by the classical theory of elasticity, the shear
stress rxz at the surface is zero under any distributed normal trac-
tions. This result does not hold if the surface effect is taken into ac-
count. The shear stress rxz becomes nonzero and has a maximum
value at the loading boundary. It is also shown in analytical expres-
sions (30), (33), and (36) that a nonzero distribution of rxz is totally
attributed to the surface elasticity kr. If the residual surface stress is
ignored, the analytical expressions can give approximate results in
the region that is far from the loading boundary.
The distributions of the surface displacements uz and ux are
illustrated in Figs. 5 and 6. These two sets of ﬁgures both show that
the surface deformations with the surface effects are smaller thanrmal stress rz at the surface.
Fig. 3. The distributions of the normal stress rx at the surface.
Fig. 4. The distributions of the shear stress rxz at the surface.
2626 X. Gao et al. / International Journal of Solids and Structures 50 (2013) 2620–2630
Fig. 5. The distributions of the surface normal displacement uz.
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strengthens the surface stiffness of materials. For the normal
displacement uz, it can be seen that the residual surface stress
is dominant and that the surface elasticity is less important.
An interesting phenomenon is illustrated in Fig. 5(d), i.e., the
normal displacement becomes non-uniform at the nanoscale,
which is quite different from the classical result. For the tangen-
tial displacement ux, both the residual surface stress and the sur-
face elasticity have appreciable inﬂuences on this displacement,
so neither of these effects can be neglected. Additionally, the
surface displacement gradients avoid discontinuities across the
loading boundary when the surface effect is taken into
account.5. The Hertzian contact problem at the nanoscale
Experiments have shown that a size effect arises with indenta-
tion depth when the mechanical properties of materials are mea-
sured. However, the size effect in nanoindentation has not been
well clariﬁed. The surface effect may be an important factor in
the study of nanoindentation. In this part we investigate the
three-dimensional elastic contact problem with the surface effect.
Assuming that a rigid spherical indenter with radius R is pressed
into an elastic half-space, the interaction pressure in the contact
region, according to the Hertz theory, has the form
pðrÞ ¼ p0
a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  r2
p
ð0  r  aÞ ð38Þ
from which the total load is P ¼ 23p0pa2. In the Hertz contact model,
the boundary condition for displacements within the contact region
is
uzðrÞ 	 d r
2
2R
ð39Þwhere d is the mutual approach of distant points in the two solids.
uzðrÞ is the surface normal displacement under the Hertz pressure
that is calculated using Eq. (38) and is expressed as
uzðrÞ ¼ p0a2l
Z 1
0
 cos t
t2
þ sin t
t3
 
2ð4m 3Þkrt þ 8ðm 1Þ
gðt; lr ; krÞ J0
r
a
t
 
dt
ð40Þ
where gðt; lr; krÞ ¼ 4þ 4ðm 1Þðkr þ lrÞt þ ð4m 3Þkrlrt2. By taking
the Taylor series expansion of Eq. (40) with respect to variable r,
keeping up to the quadratic term and substituting this expansion
into Eq. (39), we obtain
d ¼ p0a
2l
Z 1
0
 cos t
t2
þ sin t
t3
 
2ð4m 3Þkrt þ 8ðm 1Þ
gðt; lr ; krÞ dt ð41Þ
1
2R
¼ p0
8la
Z 1
0
 cos t þ sin t
t
 
2ð4m 3Þkrt þ 8ðm 1Þ
gðt; lr; krÞ dt ð42Þ
For P ¼ 23 p0pa2, the above two equations result in
d ¼ 2
R
a2
FðaÞ
GðaÞ ; PR ¼
8pla3
3
1
GðaÞ ð43Þ
where
FðaÞ ¼
Z 1
0
 cos t
t2
þ sin t
t3
 
2ð4m 3Þkrt þ 8ðm 1Þ
gðt; lr; krÞ dt;
GðaÞ ¼
Z 1
0
 cos t þ sin t
t
 
2ð4m 3Þkrt þ 8ðm 1Þ
gðt; lr ; krÞ dt
ð44Þ
are two functions of the radius a of the contact region and reﬂect
the surface effect.
Generally, if the total load P and the radius of the indenter R are
given, the mutual approach d, the radius a of the contact region and
the maximum pressure p0 can be determined. Eq. (43) give new
solutions of the normal frictionless contact of two elastic solids
Fig. 6. The distributions of the surface tangential displacement ux.
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forms. When the two dimensionless surface parameters lr and kr
are set to zero, i.e., the surface effect is neglected, the solutions
in Eq. (43) will reduce to the classical results (Johnson, 1985).
To further elucidate the inﬂuence of the surface energy on the
contact problem, we deﬁne the parameter H ¼ dP=dd to character-
ize the contact stiffness of elastic solids. We then obtain the
dimensionless contact stiffness with the surface effect:H
H0
¼ pð1 mÞ
3
 3G aG
0
2FGþ aðF 0G FG0Þ ð45ÞFig. 7. The variations of the contact stiffness H/H0 with the radius a of the contact
region.where H0 ¼ 4la=ð1 mÞ is the classical value of H without the sur-
face effect. F 0 and G0 denote the derivatives of functions F and Gwith
respect to a. It is obvious that H/H0 is size-dependent on a. Gener-
ally, the size of the contact region is related to the product PR, which
is in Eq. (43).
Fig. 7 shows the size dependence of the contact stiffness H/H0
that was deﬁned above. The numerical results illustrate that, for
metallic Al, the size effect becomes remarkable when a < 10 nm.
At the nanoscale, the smaller the contact region, the larger the con-
tact stiffness compared with the classical result. Additionally, we
independently investigated the inﬂuences of the residual surface
stress and the surface elasticity on the contact stiffness. It can also
been seen from Fig. 7 that the residual surface stress is the main
inﬂuence on the contact stiffness, compared with the surface elas-
ticity and the combination of both factors results in a larger contact
stiffness. Fig. 8 illustrates the relations between the mutual ap-
proach d and the contact stiffness H/H0 for different indenter sizes
R. This ﬁgure demonstrates that an indenter with smaller size
would experience a larger contact stiffness under the same mutual
approach and that the contact stiffness increases as the mutual ap-
proach decreases. Generally, the material surface becomes stiffer
due to the surface effect at the nanoscale.6. A scaling law for the stresses and displacements at the
surface
Surface/interface problems in nano- and microsystems are re-
lated to some characteristic length scales and dimensionless num-
bers (Zhao, 2012). It has been reported that many physical
properties of nanostructured materials, such as the melting tem-
perature and the elastic properties, become size dependent and
obey a simple linear scaling law (Miller and Shenoy, 2000; Wang
et al., 2006). These size dependent properties arise from the com-
petition between surface/interface energies and energies that are
stored in the bulk. By comparing the stresses and displacements
at the surface for different distributed tractions, which are shown
Fig. 8. The relation between the contact stiffness H/H0 and the mutual approach d.
Table 2
The surface perturbation functions in the scaling law.
Stress/displacement f1ðlr ; kr ; m; tÞ f2ðlr ; kr ; m; tÞ
rz ðm1Þt1þðm1Þðkrþlr Þt
0
rx ð1mÞt1þðm1Þðkrþlr Þt
ð12mÞt
1þðm1Þðkrþlr Þt
rxz 0 ð2m1Þt2þ2ðm1Þðkrþlr Þt
ux ð2m1Þðm1Þt1þðm1Þðkrþlr Þt
ð2m1Þðm1Þt
1þðm1Þðkrþlr Þt
uz 2ðm1Þ2t
1þðm1Þðkrþlr Þt
ð2m1Þ2 t
2½1þðm1Þðkrþlr Þt
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mine that the surface effect is characterized by the two surface
constants l and k, which gives rise to two intrinsic length scales,
l ¼ c0=l and k ¼ ðc1 þ c1Þ=l. For metals, these two intrinsic length
scales are on the order of 0.01–1 nm. For polymers, these two
intrinsic length scales are larger and can reach several or even a
dozen nanometers because the shear modulus of polymers is much
smaller than that of metals. Thus, the surface effect only becomes
signiﬁcant at the nanoscale.
In the two-dimensional plane problem, the surface energy af-
fects the elastic ﬁelds at the surface via a function of the two
dimensionless surface parameters lr and kr. For simplicity, we call
this function the ‘‘surface correlation function’’. The surface corre-
lation functions are listed in Table 1 for different stresses/
displacements.
Notably, for a certain stress/displacement, the surface correla-
tion functions are the same for different forms of the normal trac-
tions that act on the surface. In Section 4, we treated the
Boussinesq problem as fundamental solutions and found that the
integral transformation procedure did not alter the surface correla-
tion function. Generally, for a certain component of the stress/dis-
placement, which is expressed as T(x,a), its non-classical
expression with the surface effect can be written as
Tðx; aÞ ¼
Z þ1
0
kðt; x; aÞf ðlr ; kr; m; tÞdt ð46Þ
where f ðlr; kr ; m; tÞ is the surface correlation function and kðt; x; aÞ
denotes the remnant part of the integrand, which is relevant to
the form of the surface traction. Then the classical result
without the surface effect can then be obtained by setting
lr = kr = 0.
According to the numerical calculation in Section 4, if the char-
acteristic length of the contact problem (which is the radius a ofTable 1
The surface correlation functions of the stresses and displacements.
Stress/
displacement
Non-classical case f ðlr ; kr ; m; tÞ Classical case lr = kr = 0
rz 4½ðm1Þkr t14þ4ðm1Þðkrþlr Þtþð4m3Þkr lr t2
1
rx 4ðkrmtþ1Þ4þ4ðm1Þðkrþlr Þtþð4m3Þkr lr t2
1
rxz ð4m2Þkr t4þ4ðm1Þðkrþlr Þtþð4m3Þkr lr t2
0
ux 4ð12mÞ4þ4ðm1Þðkrþlr Þtþð4m3Þkr lr t2
2m 1
uz 8ðm1Þþ2ð4m3Þkr t4þ4ðm1Þðkrþlr Þtþð4m3Þkr lr t2
2ð1 mÞthe contact region in the present paper) is sufﬁciently large, then
the two dimensionless surface parameters lr and kr are rather small
compared with the number 1; thus, the product lrkr is a high-order
small quantity and may be neglected in the surface correlation
function. Therefore, Eq. (46) can be approximately written as a
simple linear scaling law as follows:
Tðx; aÞ ¼ T0ðxÞ þ
eT 1ðxÞlþ eT 2ðxÞk
a
¼ T0ðxÞ þ eT 1ðxÞlr þ eT 2ðxÞkr ð47Þ
where T0ðxÞ represents the classical value and eT 1ðxÞ; eT 2ðxÞ are two
position-dependent perturbation functions that represent the
changes that arise from the surface effect. Generally, these func-
tions can be expressed in the following form: eT iðxÞ ¼ Rþ10 kðt; x; aÞ
fiðlr; kr; m; tÞdt ði ¼ 1;2Þ. For the stresses and displacements at the
surface, their classical values can be easily calculated, and their per-
turbation functions are listed in Table 2.
The linear scaling law in Eq. (47) elucidates the inﬂuences of
the residual surface stress and the surface elasticity on a certain
component of the stress/displacement. eT 1ðxÞlr represents the
contribution of the residual surface stress, and eT 2ðxÞkr represents
the contribution of the surface elasticity. From Table 2, it is
apparent that the contribution of surface elasticity to rz is neg-
ligible and that the contribution of the residual surface stress to
rxz is negligible, in good agreement with the numerical results. A
numerical analysis can further conﬁrm that this linear scaling
law can give very accurate results for metal materials near the
loading zone.
Similarly, it can be shown that the stresses and displacements
at the surface of the three-dimensional Boussinesq problem have
a similar scaling law; this derivation will not be reported here.7. Conclusions
A non-classical formulation of the Boussinesq problem with the
surface effect is presented in this paper. The following novel points
can be concluded:
(1) In this formulation, the fundamental solutions for the con-
centrated forces that act on the boundary are derived, in
which both the residual surface stress and the surface elas-
ticity are taken into account. A series of theoretical and
numerical results show that the inﬂuences of the residual
surface stress and the surface elasticity on the stresses and
displacements are not always equal. For instance, in a two-
dimensional plane problem, the residual surface stress is
the dominant factor that affects the stress component rz,
whereas the surface elasticity is the dominant factor for
the stress component rx.
(2) As an application of our formulation, we investigated the
three-dimensional Hertzian contact problem at the nano-
scale. Due to the surface effect, the elastic contact stiffness
is size-dependent and is larger than the classical one. The
smaller the size of the contact region, the larger the contact
2630 X. Gao et al. / International Journal of Solids and Structures 50 (2013) 2620–2630stiffness. Additionally, the residual surface stress is the dom-
inant factor that inﬂuences the contact stiffness. Moreover, it
was found that, under a normal distributed traction, the
elastic stress ﬁeld is inﬂuenced by the material surface
energy, which can be expressed in terms of the invariant
‘‘Surface Correlation Function’’. Based on this Surface Corre-
lation Function, a scaling law for the stresses and displace-
ments at the surface for the two-dimensional plane
problem was suggested for the ﬁrst time. Using this scaling
law, the contributions of the residual surface stress and
the surface elasticity can be quantitatively analyzed.
(3) The analysis that is presented in this paper indicates that a
Lagrangian description of the basic equations of the sur-
face/interface is preferred to correctly address the surface
effect because the Lagrangian description of the surface/
interface governing equations is based on a geometrically
known reference conﬁguration, which makes it more conve-
nient to solve problems that are relevant to the surface/
interface energy effect.
Note that in this paper, we concentrated on discussing the elas-
tic property in the Hertzian contact problem with the surface ef-
fect; other relevant properties, such as the shape of the indenter,
plastic deformation, adhesion force and adhesion work, are not
considered. These properties may be important at the nanoscale
and the work in the present paper lays the foundation for consid-
ering these factors in a future study.Acknowledgements
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